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Abstract. For closed and connected subgroups G of SO{n), we study the energy func- 
tional on the space of G-structures of a (compact) Riemannian manifold (M, (•,■)), where 
G-structures are considered as sections of the quotient bundle SO (M)/G. Then, we deduce 
the corresponding first and second variation formulae and the characterising conditions for 
critical points by means of tools closely related with the study of G-structures. In this 
direction, we show the role in the energy functional played by the intrinsic torsion of the 
G-structure. Moreover, we analyse the particular case G = U{n) for even-dimensional man- 
ifolds. This leads to the study of harmonic almost Hermitian manifolds and harmonic maps 
from M into §0{M)/U{n). 
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1. Introduction 

The energy of a map between Riemannian manifolds is a functional which has been widely 
studied by diverse authors [3,4,22]. Critical points for the energy functional are called har- 
monic maps and have been characterised by Eells and Sampson [5] as maps with vanishing 
tension field. 

For a Riemannian manifold {M, (•, •)), we denote by {TiM, (•, ■)^) its unit tangent bundle 
equipped with the Sasaki metric (•,-)'^ (see [17]). Looking at unit vectors fields as maps 
M — > TiM, if M is compact and oriented, one can consider the energy functional as defined 
on the set Xi(M) of unit vector fields. Critical points for this functional give rise to the notion 
of harmonic unit vector field. The condition characterising harmonic unit vector fields has 
been obtained by Wiegmink [25] (see also Wood's paper [27]). This has been also extended 
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in a natural way to sections of sphere bundles (see [9], [19]) and to oriented distributions, 
considered as sections of the corresponding Grassmann bundle [8]. 

In [28], for principal G-bundles Q ^ M over a Riemannian manifold (M, (•,•)), Wood 
considers global sections a : M — > Q/iJ of the quotient bundle n : Q/H ^ M , where .ff is a 
closed subgroup of G such that G/H is reductive. Note that such global sections are in one-to- 
one correspondence with the -ff-reductions of the G-bundle Q — > M. Likewise, a connection 
on Q — > M and a G-invariant metric on G/H are fixed. Thus, Q/H can be equipped in 
a natural way with a metric {■,-)q/h^ defined by using the metrics on M and G/H. For 
such a metric on Q/H , the submersion n : Q/H ^ M is Riemannian and has totally geodesic 
fibres. In such conditions, harmonic sections are characterised as those with vanishing vertical 
tension field. This situation arises when the Riemannian manifold M is equipped with some 
additional geometric structure, viewed as reduction of the structure group of the tangent 
bundle. 

In this paper, we consider the particular situation for G-structures defined on an oriented 
Riemannian n-manifold (M, (•,•)), where G is a closed and connected subgroup of SO{n). 
The manifold M is said to be equipped with a G-structure if its oriented orthogonal frame 
bundle SO(M) admits a reduction S{M) to the subgroup G. Moreover, if §0(M)/G = 
SO(M) Xg SO{n)/G is the quotient bundle under the action of G on SO(M), the existence of 
a G-structure on M is equivalent to the existence of a global section a : M —> SO (M)/G. In the 
present work, we analyse the energy functional defined on the space of sections r°° (SO (M)/G) 
of the quotient bundle. Thus, if £p denotes the intrinsic torsion of the G-structure, we clearly 
shows the central role played by £p in the energy functional. (Theorem 13.3(1 . Furthermore, 
the first variation formula is deduced (Theorem 13.6(1 . Then, we show several equivalent char- 
acterising conditions of critical points for the energy functional on the space of G-structures 
defined on (M, (•, •)) (Theorem I3.7p . This gives rise to the notion of harmonic G-structure 
for general Riemannian manifolds, not necessarily compact and oriented. It is worthwhile to 
note that harmonic G-structures are not necessarily critical for the energy functional on all 
maps from (M, (•, •)) to (SO (M)/G, (•, •)so(m)/g)- They are harmonic maps when the corre- 
sponding harmonic G-structures satisfy a condition involving the curvature of the Riemannian 
manifold. Additionally, we deduce the second variation formula (Theorem 13. Sp . 

We point out that because the intrinsic torsion of the G-structures is involved in all results 
above mentioned, this makes possible going further in the study of relations between harmonic- 
ity and classes of G-structures. This will be illustrated in Section [H where we focus attention 
on the study of harmonic almost Hermitian structures initiated by Wood in [26,28]. Thus, we 
study harmonicity of almost Hermitian structures by using the tools developed in Section [U 
recovering Wood's results and proving some additional ones. In Theorem 14.11 several equiv- 
alent characterising conditions for harmonic almost Hermitian structures are shown. The 
relation of harmonicity with Gray-Hervella's classes of almost Hermitian structures is studied 
in Theorem 14.51 Note that the results there contained characterise harmonic almost almost 
Hermitian structures by means of conditions on the Riemannian curvature. Concretely, in 
terms of the particular Ricci tensor Ric* determined by the almost Hermitian structure. Fi- 
nally, we point out that Theorem 14.51 in some sense, generalises the results proved by Bor et 
al. [2] (see Theorem 14.9(1 . In fact, note that the results in [2] are stated for conformally flat 
manifolds, i.e., Weyl curvature tensor vanished. 
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After these remarks, we focus attention on the study of harmonicity as a map of almost 
Hermitian structures. Results in that direction were already obtained by Wood [28]. Here we 
complete such results by using tools here presented. 

For completeness, we finish this paper by briefly giving a detailed and self-contained ex- 
planation of the situation for nearly Kahler manifolds. Thus, we will recover results already 
known originally proved, some of them, by Gray and, others, by Wood. However, we will 
display alternative proofs in terms of the intrinsic torsion. Additionally, it is also shown a 
Kirichenco's result [14] saying that, for nearly Kahler manifolds, the intrinsic torsion is parallel 
with respect to the minimal connection. 

Acknowledgements. The authors are are supported by grants from MEG (Spain), projects 
MTM2004-06015-G02-01 and MTM2004-2644. 

2. Preliminaries 

First we recall some notions relative to G-structures, where G is a subgroup of the linear 
group GL{n,M.). The Lie algebra of G will be denoted by g. An n-dimensional manifold M 
is equipped with a G-structure if its frame bundle admits a reduction 9{M) to the subgroup 
G. Moreover, if (M, (■, •)) is an n-dimensional oriented Riemannian manifold, we can consider 
the principal S'0(n)-bundle Trso(n) '■ §0{M) ^ M of the oriented orthonormal frames with 
respect to the metric (•,•). A G-structure on (M, (•,•)) is a reduction S{M) C SO(M) to a 
subgroup G of SO(n). 

In what follows, we always assume that G is closed and also, connected. Then, the quo- 
tient space SO{n)/G is a homogeneous manifold and it becomes into a normal homogeneous 
Riemannian manifold with bi-invariant metric induced by the inner product (•, •) on so(n) 
given by {X,Y) = — trace XY, the natural extension of the usual Euclidean product (•, •) on 
R" to End(M™). Let SO(M)/G be the orbit space under the action of G on SO(M) on the 
right as subgroup of SO{n). Then the G-orbit map ttg : SO(M) %0{M)/G is a principal 
G-bundle and we have Trso{n) = ttottg, where tt : SO (M)/G ^ M is a fibre bundle with fibre 
SO{n)/G, which is naturally isomorphic to the associated bundle §0(M) XgQ^^^ SO{n)/G. 
The map a : M ^ §0{M)/G given by a{m) = TTcip), for all p G 5{M) with '7Tso{n){p) = is 
well-defined because -kq is constant on each fiber of the reduced bundle. It is a smooth section 
and we have g(M) = 7r^^(cT(M)). Hence, there is a one-to-one correspondence between the 
totally of G-structures and the manifold r~ (SO (M)/G) of all global sections of SO (M)/G. 
In what sequel, we shall also denote by a the G-structure determined by the section a. 

If = (1, 0, . . . , 0), . . . , tt^ = (0, . . . , 0, 1) is the canonical orthonormal frame on M", then 
an oriented frame p G SO(M) can be viewed as an isomorphism p : — > '^'rso(n) (p) such 
that {p{ui), . . . ,p('Un)} is a positive oriented basis of r^gg^^^(p)M. From now on, we will make 
reiterated use of the musical isomorphism's b : TM — T*M and (j : T*Af TM, induced by 
the metric (•, •) on M, respectively defined by = (X, •) and {9^, ■) = 9. 

In the presence of a G-structure determined by a section cr : M — > SO (M)/G, a frame 
p G SO(M) is said to be an adapted frame to the G-structure, \i p E a o 'Kso{n){p) oi'i 
equivalently, if p G S(Af) C SO(M). Note also that, in a first instance, the bundle of 
endomorphisms End(TM) on the fibers in the tangent bundle TM coincides with the associ- 
ated vector bundle SO(M) Xso(n) End(R"'), where SO(n) acts on End(R"') in the usual way 
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{g ■ Lp){x) = gip{g ^x) = {Adso{n){9)^)ix)- Thus, it is identified 
(2.1) ipm = ajipiuif ®p{uj) ^ [{p,ajiu\ ®Uj)], 

where m ^ M and p € '^soin)^'"^^ ^'^^ summation convention is used. Such a convention 
will be followed in the sequel. When a risk of confusion appear, the sum will be written in 
detail. 

In our context, we have also a reduced subbundle S(M). So that we can do the identification 
End(TM) = '^{M) X(5End(M"') because any (^m can be identified with an element in ^{M) Xq 
End(M") as in Equation (|2.ip . but in this case must be p € a{m). 

Now we restrict our attention to the subbundle so(M) of End(TM) of skew-symmetric 
endomorphisms ipm, for all m G M, i.e., {ipmX,Y) = —{(pmY, X) . Note that this subbundle 
so(M) is expressed as so(M) = §0(M) Xso{n) so{n) = S(M) Xcso^n). The corresponding 
matrices (aij) for so(M), given by Equation (|2.1|) . are such that Ojj = —aji. Furthermore, 
because so(n) is decomposed into the G-modules and the orthogonal complement in on 
so(n) with respect to the inner product (•,•), the bundle so(M) is also decomposed into 
5o(M) = 0^(M) em^(M), where 0^(M) = g(M) and m<,(M) = g(M) Xcxn. The 
matrices (aij) in Equation (12.1(1 corresponding to 0o-(-^) and mo-(M) are such that they are 
in and m, respectively. The subindex a in Qf^{M) and mo-(-/Vf) is to point out that these 
bundles are determined by the G-structure a. From now on, we will merely write 0o- and xxia. 

Under the conditions above fixed, if M is equipped with a G-structure, then there exists 
a G-connection V defined on M. Doing the difference = Vx — Vx, where Vx is the 
Levi-Civita connection of (•, •), a tensor ^x € so(M) is obtained. Because V is torsion-free, ^ 
is an alternative way of giving the torsion of V. In fact, if T is the usual torsion tensor of V 
given by f{X, Y) = VxY - VyX - [X, Y], then it is satisfied 

T{X, Y) = ^xY - IyX, 

'^{lxY,Z) = {f{X,Y),Z) - {f{Y,Z),X) + {fiZ,X),Y). 

Decomposing ^x = {(.x)sa + i^x)m^, i^x)s^ G Qa and (Cx)m<, G m<^, a new G-connection 
V*^, defined by = Vx — {(,x)s^, can be considered. Because the difference between two 
G-connections must be in 0^., V*^ is the unique G-connection on M such that its torsion 
satisfies the condition = {£,x)ma = ^x ~ ^x G ^a- is called the minimal connection 
and ^'^ is referred as the intrinsic torsion of the G-structure a [6, 18]. A natural way of 
classifying G-structures arises by decomposing of the space T*M (g) rricr of possible intrinsic 
torsions into irreducible G-modules. If = 0, the G-structure is usually referred as a parallel 
(or integrahle) G-structure. In such a case, the Riemannian holonomy group of M is contained 
in G. 

Associated to the metric connections V and V*^ there are connections one-forms oj and 
(jj'^ defined on SO(M) and S(Af) with values in 50 (n) and 0, respectively. Note that the 
projection S(M) ^ M of the reduced bundle is T^so(n) restricted to %{M). Therefore, if 
p = {ei, . . . e„} : U — > S(Af) is a local frame field adapted to the G-structure, then 

= ^'x^i.^jlm - {^Xei,ej)m = '^^{m.)iP*mX) ji - UJg,(^^){p^.mX)ji. 
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Since the matrices {{Cx^i'^j)m) ^ ^ ^^'^ ('^p{m)(^*»""^)i«) ^ 0' obtained the following 
identities for matrices 

Therefore, the intrinsic torsion is expressed as 

(2.3) ('^ = -{Lo{p,X)ji)m4(^ej, 

where p = {ei, . . . is a local frame field adapted to the G-structure. 

Finally, we need to point out that, along the present paper, we will consider the natural 
extension of the metric (•, •) to (r, s)-tensor fields on M. Such an extension is defined by 

(2.4) (Vl.,$) = vl,5;;;-CI>H;;-, 

where "j^^ and are the components of ^' and $ with respect to an orthonormal local 

frame. 



3. Characterising harmonic G-structures via the intrinsic torsion 

Now we consider the bundle ttg ■ SO(M) %0{M)/G. Because we have TSO(M) = 
ker7rso(n>©kera;, the tangent bundle of SO(M)/G is decomposed into TSO(M)/G = VeJ{, 
where V = 7rG'*(ker 7rso(„)^,) and !K = 7rG'*(ker a;). Then the vertical and horizontal distribu- 
tions V and IK are such that vr^V = and 7r,,!K = TM. 

Moreover, we consider the pullback or induced bundle vr* 50 (M) of 50 (M) by vr, that is, the 
vector bundle over SO(M)/G consisting of those pairs (pG, ipm), where '^{pG) = m and ipm S 
5o(M)m. Alternatively, 7r*5o(M) is also described as the associated bundle SO(M) XG5o(n) 
to TTG- Then 7r*5o(M) is decomposed into 7r*so(M) = 0so(m) ffiTTiSO(M)j where 0so{m) = 
SO(M) Xg and mso(jv/) = SO(M) Xg m. A metric on each fiber of 7r*so(M) is defined by 

where (•, •) in the right side is the extension to (1, l)-tensors of the metric on M given by (|2.4p . 
With respect to this metric, the decomposition 7r*5o(M) = 0§o(m) ®^SO{m) is orthogonal. 

Additionally, we have a covariant derivative V on 7r*5o(M) induced by the Levi-Civita 
connection associated to the metric (•, •) on M and given by 

for all A G X{§0{M)/G) = r°°(TSO(M)/G) and ip e r°°(^* 5o(M)), where s 7(5) 
is a curve in SO(M)/G such that 7(0) = pG and 7'(0) = ApG and pr2 is the projection 
pr2{pG,ipm) = on 5o(M). Note that, in the right side, the covariant derivative is along 
the curve 7(5) = vr o 7(5). 

There is a canonical isomorphism between V and the bundle tngo(jvf). For describing such 
an isomorphism, let us firstly say that the elements in tn§o(jvf) can be seen as pairs {pG,ipm) 
such that if with respect to p is expressed as in Equation (12. then (aji) G m. Now, let 
us describe the mentioned canonical isomorphism (plVpc '■ ^pG ~^ ('^so(Af)) For all a € m. 
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we have the fundamental vector field a* on §0(M) given by 

Op = ^^^_^p.ex.pta G kenr so{n)*p ^ TpSO(M). 

Any vector in Vpo is given by 7rG*2,(a*), for some a = {cLji) G m. The isomorphism ^|VpG 
defined by 

^|VpG(^G*p(Op)) = {pG,ajip{u.if ^p{uj)). 

Next it is extended the map : V — > m§o(-7y^) to : T SO(M)/G Tn§o(M) by saying that 
(p{A) = 0, for all A € :K, and (p{V) = (p\v{V), for all F G V. This is used to define a metric 
(■,-)so(M)/G on §0(M)/G by 

(3.6) {A, S)so(M)/G = (vr*^, 7T*B) + ((^(^), ,^(5)). 

For this metric, the projection tt : §0{M)/G — > M is a Riemannian submersion with to- 
tally geodesic fibres (see [24] and [1, page 249]). That is, if v : TSO(M)/G V and 
h : TSO(M)/G "K are respectively the vertical and horizontal projections and is the 
Levi-Civita connection of (•, •)so(m)/G) then VyW = vVyW and VyH = hVyH, for all 

H e r°°(?{) and v,w e r°°(V). 

Because $o(n) = g ® m is a reductive decomposition, that is, it satisfied AdgQ^^^-j{G) m C tn, 
the component Wg in 5 of the the connection-form w is a connection-form for the bundle 
TTG '■ SO(M) §0{M)/G which is referred as canonical connection. This connection provides 
a covariant derivative on m§o(jv^), which respect to which the fibre metric is holonomy 
invariant. The Levi-Civita connection is related with on m§o(jv/) via the projection of 
the m-component of the curvature form Q of the Levi-Civita connection V of M. Thus, it is 
considered the two-form $ on $0{M)/G, with values in mso(jvf), defined by 

HA, B) = (t>7iGMA, B)l, = c^7TG,cLo{A, B)*^ + (l)TTG.MA),io{B)]*m, 

where A,B e TSO(M) such that ttg^A = A, ttg^B = B. Therefore, if on SO(M)/G we 
consider the vertical vectors U and V and the horizontal vectors H and K, then 

$(C/,F) = 0, $([/,//) = 0, HH,K) = 4>T^G*^{H,Ky^ = 4>T,G*dLo{H,k)*^. 

Next, we recall some useful facts proved in [28, Corollary 2.4 and Proposition 2.7]. 

Lemma 3.1 ( [28]). We have 
(i) = VaV -[(l>A,V]. 

(fi) ct>{V\B) - V\4>B = \ ^BU - $(^, B)} , 
for all A, B e X{§0 (M) /G) and V eF'^ (mso(M) ) • 
Prom here, we obtain 

(3.7) 0( V^F) = V$i<^ y + ^ [M, d^VU = Va0 F - i [0^, <j>V]m - [M, ct^V]^, 
for all A e X{§0{M)/G) and V G r°°(V). 

Remark 3.2. (1) The Lie bracket on 7r*5o(M) is defined by 

[{pG, ^Pm), {PG, tpm)] = ipG, [^Pm,1pm]) = {pG, ° 'ipm - i^m ° Vm)- 
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(2) Given a G-structure a : M ^ 80(M)/G, the bundle (T*7r*so(M) is identified with 
5o(M) by the bijection map o : (m, (cr(m), (/Jm)) y'm and hkewise, a* Q$q(m) — Q<t 
and (T* m§o(M) — irio-- With respect to sections, if (/9 E r°°(so(M)) then pG ipG,^-K{pG)) 
belongs to r°°(7r* 5o(M)) and conversely, if G ^°°i^$o{M)) (respectively, G r°°(0§o(jv,/))), 
then m pr2V'a{m) is in r°°(mCT) (respectively, in r°°(g^)). 

Now, we consider the set of all possible G-structures on a closed and oriented Riemannian 
manifold (M, (•,•)). As it has been already mentioned, this set is identified with the manifold 
r°° (SO (M)/G) of all global sections a : M ^ SO(M)/G. Then the energy of the G-structure 
is defined as the energy of the corresponding section a, given by the integral 

(3.8) £(a) = J / \\a,fdv, 

^ Jai 

where ||cr*|p is the norm of the differential ex* of a with respect to the metrics (•, •) and 
('i ■)so(M)/G) and dv denotes the volume form on (M, (•, •)). On the domain of a local orthonor- 
mal frame field {ei,...,e„} on M, ||ct^=|P can be expressed as \\cr^:\\'^ = {(T^ei,a^ei)gQi^M)/G- 
Furthermore, from (|3.8|) and using (13. 6|) . it is obtained that the energy £(cr) of a is given by 

£(a) = -Vol(M) + - / Ua.fdv. 
^ ^ Jm 

We will call the total bending of the G-structure a to the relevant part of this formula B{a) = 
\ Im \\4"^*\\'^dv. Because we will show that 0(7* = — the total bending provides a measure 
of how the G-structure a fails to be parallel. Here, we are doing the identification a* rri§o(^/) = 
ttIct pointed out in Remark 13.21 

Theorem 3.3. If a is a global section of§>(D{M)/G then (pa^ = where is the intrinsic 

torsion of the G-structure determined by a, and the total bending of the G-structure a is given 
by 

B{a) = \ j Wefdv. 
^ Jm 

Proof. For X G TmAf, we will compute (pa^^X. If p = {ei, . . . ,6^} : U ^{M) is a local 
frame field adapted to the G-structure a with m & U, then TTso{n) °P = ddu and taking 
'^G\Q{M) = '^°^so{n) into account, we have (T=k = 110*° p*- Therefore, we get 

(/)(cr*X) = 0(v(cr*X)) = (/)(v(7rG*p*X)) = (j) {TTG*iuj{p*X)jiu\ (g) Uj)*) 

= (j) {{irG*{uj{p*X)ji)raul (g) Uj)*) = (o-(m), {uj{p^X)ji)mel ej) . 
Thus, from (12.31) . we have 

and 

= (0a,(e,)),</.a,(ei)) = {{a,^^J,ia,Cfj) = {i^^i^) = Wft- 
Now, the theorem follows using the above identification cr* xn$Q(^M) — ■ ^ 

Some immediate consequences of last Theorem, most of them already proved in [28], are 
given in the following corollary. 

Corollary 3.4. The following conditions are equivalent: 
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(i) CT*X is horizontal, for all X £ TM . 

(ii) a is a parallel G-structure, i.e., S,^ = 0, or is torsion-free. 

(iii) a is an isometric immersion. 

(iv) V can be reduced to a G-connection. 

Next, we determine the Euler-Lagrange equation or the critical point condition for the en- 
ergy functional £ on closed and oriented Riemannian manifolds. If we consider a smooth 
variation at G T°°{%0{M)/G) of cr = do, then the corresponding variation field m 
(p{m) = J-|^^qI7((?ti) is a section of the pullback bundle a*V over M. Thus, the tangent 

space T^r°°(§0(M)/G) is identified with the space r°°(cT*V) of global sections of a*V [22]. 
Because cp determines also an identification a*V = by the bijection 

where a = (aij) £ m and p € 9{M) with T^so{n){p) = ""t-j we can identify the tangent space 
T^r°°(SO(M)/G) with r~(m<,). 

In following results, we will consider the coderivative d*$^^ of the intrinsic torsion , which 
is defined by 

where {ei, . . . , e„} is any orthonormal frame on m € M . In a first instance, d*^'^ is a global 
section of 50 (M) = © rrio-. 

Lemma 3.5. The coderivative d*£,^ is a global section of vcia and is given by 
(3.9) d*e = -{V^^e)e.-^fa,. 

Proof Because = V + C'^, it follows that d*^'^ = -(VgC'^)e, + (C^C'^)e,- But one can 
check that (C^Oe, = —£,9g^ ■ Thus, Equation (13.91) is obtained. It is obvious that ^S; is 

in rrio-. Since is a G-connection, V preserves the G-type of a tensor. Therefore, from 
e m^, it follows that (V^^'^)e, G m^. □ 

Theorem 3.6 (The first variation formula). // (M, (•, •)) a closed and oriented Riemannian 
manifold and a a global .section of§(D{M)/G, then, for all if £ T°°{m„) ^ T„T°°{§(D{M)/G), 
we have 

Jm 

cG 



d8,„{ip) = - / {e,'^^)dv = - / {d*e,^)dv, 
Jm Jm 



where ^ is the intrinsic torsion of a. 

Proof. We will also denote by f the section in r°°{a*V) which is identified with f € r°°(mCT), 
i.e., pr2 = ^- If lei =] r°°(§0 (M)/G), t — > cxj, is a curve such that ctq = and 

((Tt)'(O) = ip, then we obtain 

d \ f d 

dE.a[ip) = —^ ^E{at) = - \ —^^^ ^{ycrt*,\'crt*)so{M)/Gdv 

$0{M)/Gdv. 



dt\t=o 2 Jjy.j dt\t=o 



Jm dt \t=o 
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Now, since it have totally geodesic fibres and the tangent vector (cf(m))J^Q = ip{m) of the 
curve t — > at{in) is vertical, it follows 

^'^^*' It \t-o ^ *^^^*' "dF|i-o'^**^^°^^'^^^^' 

Next, if =] — e2)e2[— ^ Af, -s ^ 7('5), is a curve such that 7(0) = m and 7'(0) = X and we 
consider the smooth map x SO(-/Vf)/G defined by (t, s) at{'y{s)), then we obtain 

dt\t=ods\s=o dt \t=o ds\s=odt\t=o ds \s=o 

Therefore, 

(vcr^X, — (Ti^X)so(M)/G = (vcr^X, — V5(7(s)))so(M)/G 
ul \t=0 CIS \s=0 

= {4>a^X,(l)— (/?(7(s))>- 
as |s=o 



Hence, using (13.71) . we get 

VI 

dt \t=o as |s=o 2 

V 

= (0o-*X, — 0v?(7(s))), 
as |s=o 

where we have used that SO{n)/G is a normal homogeneous Riemannian manifold and 
^I^^q(?!>(/7(7(s)) means the covariant derivative along the curve s — > C7(7(s)). Finally, since by 
Equation (|3.5p we have 

^ 0^(7(s)) = fa(7(0)), J prJ</></'(7(^)) 
as |s=o V as |s=o 

then we obtain 

V 

{va^X,— (yt*X)^Qf^M)/G = (pr20o-*^, :r, W2(t>^{l{s))) 
dt \t=Q ^ " as |s=o 

From this, and taking into account that pi2^f — fi S^t the required identity 

(3.10) d8,M = - [ {i'^y^)dv. 

J M 

On the other hand, we have the equality 

{e,Vip)=d\Y(e)\+{d*e,ip), 

where t means the transpose operator which is applied to any section ^ G r°°(T*M(8)so(M)) 
and defined by : 50 (M) X{M), (^'V,^) = Using last identity in Equation 

(|3.10p . we will finally have the another expression for dEa{^) required in Theorem. □ 

Theorem 3.7. Under the same assumptions as in Theorem \3.(k the following conditions are 
equivalent: 

(i) a is a critical point for the energy functional on r°°(SO(M)/G). 
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(ii) d*C^ = 0. 

(iii) (vge^)e. = -eje. 

(iv) IfT'^ is the torsion of the minimal connection V*^, then 

(a) ((Ve,T^)(X, Y),ei) = 0, for all X,Y e X{M), and 

(b) d*T^ is a skew- symmetric endomorphism, i.e., d*T'-' G so(M). 

Proof. An immediate consequence of Theorem l3.6l and Lemma [3?5] is that conditions (i) and (ii) 
are equivalent. The equivalence of (iii) follows from Equation (|3.9p . Finally, the equivalence 
of the conditions in (iv) is a direct consequence of the identity 

2{{Vxf)YZ,u) = (y,(VxT^)(^,VF)) - (z, (VxT^)(^,y)) + (VF,(Vxr^)(i^,^)). 

□ 

For general Riemannian manifolds (M, (■,•)), not necessarily closed and oriented, we will 
say that a G-structure a is harmonic, if it satisfies d*^*^ = 0. 

Theorem 3.8 (The second variation formula). With the same assumptions as in Theo- 
rem \3.(^ if a is a harmonic G-structure, then the Hessian form (Hess S)^ on r°°(mo-) = 
r<,r°°(§0(M)/G) is given by 

(Hess £),ip = j^^ - \\\[e.vUf + (V<^,2[e^,(^] - [e^,(^]naj) dv. 

In particular, if [m, m] C g or equivalently SO{n)/G is locally symmetric, then 

(Hess£).^= / {\\V^f-2\\[e.^]f)dv. 



'M 

Proof. From results contained in the proof of Theorem 13.61 relative to the first variation 
formula, we have 



4, dEa.iip) 
dt t=o 



f 37, (^^**'~ir, ^t*)so{M)/Gdv. 
Jm dt \t=o dt \t=t ^ " 



But using the same arguments as in the referred proof, we will get 

dt\t=i) dt \t=t dt\t=Q ds \s=Q 

where s j{s) is a curve in M such that 7(0) = m and 7'(0) = X, (fTt)^^^^^ (m) = iptQ{m), 
and ^|g^Q is the covariant derivative along the curve s £14(7(5)). From last identity, using 
that the fibers are totally geodesic, it follows 

d , V? „ V« 



{vat^X,— (Tt*X)gQi^M)/G = h-r, V'(7(s) 
dt\t=o dt \t=t ^ " ds \s=Q 



lsO(M)/G' 



Now, from (|3.7p . the first summand is expressed as 

V V 1 

(3.11) l^^,,^/(^(^))llio(M)/G = ll'/'^l^^/(7(s))f = l|VxV'+ 2[^x,</']m. + [ex,^]0jl' 
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and the second summand can be given by 

+ (i?«((/7(m), V(T*X)v?(m), V cr*X)§o(j^,j)/G', 

where W{A,B) = — [V^, V^] is the Riemannian curvature tensor of (•, •)§o(a/)/g ^i^d 

we have used that vr has totally geodesic fibres. On one hand, by using similar arguments as 
in the proof of Theorem 13.61 we get 

(3.12) (vcj*X, — — n{l{s)))%o{M)/G = {(pcr^X,(j)— (at)tLo(7(s))) 

as \s=o at \t=o ^ " as \s=o 

= -(e^,Vxpr^(cTt)LoM>- 
Additionally, since a is harmonic, d*^^ = 0, we have the identity 

(3.13) (e^, VprJ(ai)to("^)> = div(e^)tprJ(aOLoM- 

On the other hand, in order to compute {R'^{ip{m),va^X)ip{m),y a^X)gQ(^j^,fyQ, note that 
the vV'^tp is a well defined connection on the fibres of vr. In our case, vV^ip = S/^ip and 
the corresponding Riemannian curvature tensor By is such that i?^ (93, -01)^2 = R'^[^-,'4'i)4'2- 
Therefore, 

(i?^(v3(m), vo-=^X)(^(m), V (J^X)^q(^m)/g = {R" {f{m),ya^X)Lp{m),y cr*^)so(Af)/G- 
Now, using (|3.7p . we get 



'^'^^l(m)'^^la,x'P = li^f^ [(l)(^*X, (l)(p]m]m + Trl'/'y', [^O"^^, 



+ ^[^f> [(t'Cr*X, (t>'p]m]3 + [4>cr*X,(f>(f]g]g, 



^'^^'[v,a,X]'P = -\[(t"fA(p(^*X,(t>(p]m]m-^[4>'P,[^(^*X,4>f]s\m, 
-[(pip, [(/)Cr*X, (l)Lp]m]g - [(fxp, [(f>Cr*X, 099]0]g. 

From these identities and because with the induced metric by the inner product (•, •) on so(n) 
is bi-invariant, it is not hard to deduce 

(3.14) {R\^im),va,X)ip{m),ya,X)so(M)/G = "^11 Kx, </']mJ|' - ([9^, [Cf , V'lgjm., Cf) 

The required formula for the second variation follows from (I3.1ip . (|3.12l) . (13.131) and (I3.14p . 
For the last part of the theorem, we use that V(p = V^^p — if] and V^y? € r°°(mo-). □ 

For studying harmonicity as a map of G-structures, we need to consider Vu,,, where 
(Vxo"*) {Y) = V\a^Y - aX^xY), for all X,Y & X(M). Here as before, V also denotes the 
induced connection on a*T§(D{M)/G. 



12 J. C. GONZALEZ DAVILA AND F. MARTIN CABRERA 

Lemma 3.9. IfR{X,Y) = Vjx,y] — [Vx, Vy] is the curvature Riemannian tensor of {M, {■, ■)) 
and a is a G-structure on M , then 

a*^X,Y) = -{Vxe)Y + (Vye^)x - 2[ef ,ey] + [ix.ivU = -R{X,YU^. 
Proof. If p : [/ ^ S(M) is a local section of the reduced bundle S(M) C 80 (M), then 

^a{m){(y*X,(T^Y) = (t)TTG^p(m)^{p*X, p*^)^ = {a {m) , - R{X ,Y ) = -R{X,Y)ra, 

(see [15, Proposition 4.5]). Now, if we use V*^ = V + ^'^ in the expression for R, it is not 
hard to see that 

R{X, Y) = R'^iX, Y) + {VS:e)Y - {^^e)x + - ^fo^ - [Cx, ^y], 

where R^{X,Y) = Vg^yj - [V|, Vf?]. Finally, since R^ G J\?T*M (g) g^, G T*M ® 
and V*^ is a G-connection, we get 

R{X, Y)^^ = {V'^f)Y - iV^f)x + e|y - C|x - Kx, e?]m. 

= (Vxe^)y - (Vye^)x + 2[e^,eP] - [ef 

From all of this, Lemma follows. Finally, note also that R{X,Y)q^ = R'^{X,Y) - [^X'^ylso- 

□ 

If 0"*$ = 0, the G-structure a is referred as flat G-structure. By the final remark in the 
proof of last Lemma, this notion is characterised by y) = R'^{X,Y) — [^^,^Y]sa ^ '^'^Oo-- 
Therefore, the intrinsic torsion of a flat G-structure has not contributions in the G-components 
of R orthogonal to S*^ g^. Thus, R is in the space of algebraic curvature tensors for manifolds 
with parallel G-structure. 

Now we have the tools to show some results (Theorem 13.101 Theorem 13.111 and Theorem 
I3.12|) which are versions of Wood's results given in [28], expressed in terms of the intrinsic 
torsion and the Riemannian curvature tensor R. But we firstly recall that a G-structure 
a is said to be totally geodesic, if Vfi* = 0. In such a situation, a{M) is a totally geodesic 
submanifold of §0(M)/G. Weaker conditions can be considered by saying that a G-structure a 
is vertically geodesic (resp., horizontally geodesic), if the vertical component (resp., horizontal 
component) of Vu* vanishes. In these situations, a send geodesies to path with horizontal 
(resp., vertical) acceleration. 

Theorem 3.10. If a is a G-structure on {M, (•, •)), then: 

(a) (/)(Vxc*)^ = —\ ((VxC'^)y + (Vy^'^)x)- Therefore, a is vertically geodesic if and 
only if (Vx'^'^)x = 0. In particular, if a is vertically geodesic, then a is a harmonic 
G-structure. 

(b) 2{Tr^{V xcr*)Y,Z) = {i^,R{Y,Z)) + {^^,R{X,Z)). Therefore, a is horizontally geo- 
desic if and only if (^^,ii(y, Z)) is a skew-symmetric three-form. In particular, if a 
is a flat G-structure, then a is horizontally geodesic. 
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Proof. For (a). Using Lemma [3TT] . we have 

cP{Vxa,)Y = Vl^^j^cl)a,Y + ^{[cPa,X,^a,YU-'^{cJ,X,a,Y)}-cPa,{VxY) 

= Va:,x<p(^*Y - X, (j)a^ ^] + ^ [4'(^*X, (pa^ Y] ^ 

-<Pa,iVxY)-^<^>{a,X,a,Y). 

Now, taking (pa^: = into account and using Lemma 13.91 the required identity in (a) 

follows. 

For (b). In [28, Theorem 3.4 (ii)], it is proved that 

2{Tr,{Vx<r*)Y,Z) = {(l)a^X,<^{a^Y,a^Z)) + {^a,Y,<l>{a^X,a,Z)). 
Since (j)cr^ = -^"^ and -^{a^Y, a^Z) = -R(Y, Z)^^, (b) follows. □ 

Next, we compute the respective vertical and horizontal components of the tension field 
T{a) = (Vf^cT*) (ej) used in variational problems [22]. Given a G-structure cr on a closed 
Riemannian manifold (M, (•, •)), the map (M, (•, •)) i— >• (SO(M)/G, (•, ■)$o{m)/g) is harmonic, 
i.e., fj is a critical point for the energy functional on S°°(M, SO(M)/G), if and only if T{a) 
vanishes. Because variations vector fields of smooth variations of a through sections belong to 
T°°{a*V), it follows that harmonic sections are characterised by the vanishing of the vertical 
component of r((j). By Theorem 13.10( a). it follows 4'T{a) = — (Vej^*^)ei = d*^'-^ which 
coincides with the above exposed relative to harmonic G-structures. Since, by Theorem 
13.101 (b). the horizontal component of t((t) is determined by the horizontal lift of the vector 
field metrically equivalent to the one-form (^^, i2(ej, X)), then next result follows. 

Theorem 3.11. A G-structure a on a closed and oriented Riemannian manifold (M, (•,•)) 
is a harmonic map if and only if a is a harmonic G-structure such that {^^^, R{ei, X)) = 0. 
Therefore, if a is flat, then a is a harmonic map if and only if a is a harmonic G-structure. 

Such a G-structure a is said to determine a harmonic map, even when M is possibly 
non-compact or non- orient able and if v (V.vcj*) ■ = 0, the G-structure a is called super-flat. 

Theorem 3.12. We have 

</.(Vxv(T,)(y) = ((Vxe^)y + (Vye'')x + R{x, y)n,J . 

Therefore, a is super-flat if and only if a is flat and totally geodesic. In particular, a parallel 
G-structure is super-flat. 

Proof. Using Lemma ISTTl we have 

(VxvcT,) Y = (l)iVx(T,)Y - (/.V^hd.y = (/)(Vx^*)y + ^^{a,X, a,Y). 

Then, the identity follows using Lemma 13.91 and Theorem 13.101 Finally, note that if a is 
super-flat, then the vanishing of the symmetric part for X and Y of (p{Vx^cr^)Y implies that 
a is vertically geodesic. Meanwhile, the vanishing of the skew-symmetric part for X and Y 
implies that a is flat. □ 
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Relevant types of diverse G-structures are characterised by saying that its intrinsic torsion 
^'^ is metrically equivalent to a skew-symmetric three-form, that is, ^'^Y = — ^yX. Now we 
will show some facts satisfied by such G-structures. 

Proposition 3.13. For a G-structure a such that ~ ~Cy-^ > '^^ have: 

(i) // G 0,, for all X,Ye X(M), then (i?(x,y) m.^, 5^) = 2{^xY,CxY). There- 
fore, a is parallel if and only if a is flat if and only if a is super-flat. 

(ii) // a is a harmonic G-structure, then a is also a harmonic map. 

Proof For (i). Because the condition ^^Y = -^^X implies that {Vx('^)yZ = -{Vx('^)zY 
and {VxOyZ = —{S/xOzY, we will get the required identity in (i) by using the expression 
for R(X,Y)m^ contained in Lemma [3?9l 

For (ii). Applying the first Bianchi's identity, we have 

{^f^,R{e„X)) = ^(Ce^ej.efc) ((ii(e,, efc)e„ X) + {R{ek,ei)ej,X) + (i?(e„ e,-)efc, X)) = 0. 

□ 

In next Section, we will study harmonicity of almost Hermitian metric structures. Such 
structures are examples of G-structures defined by means of one or several (r, s)-tensor fields 
^ which are stabilised under the action of G, i.e., 5 • ^ = for all g € G. Moreover, it will 
be possible characterise the harmonicity of such G-structures by conditions given in terms 
of those tensors ^. The connection Laplacian (or rough Laplacian) [15] V*V^' will play a 
relevant role in such conditions. We recall that 

V*V* = - (V^^f) 

where {ei, . . . , e^} is an orthonormal frame field and (V^^')x,Y = Vx(Vy^') — Vy^y^- Next 
Lemma provides an expression for V*V^' in terms of V*^ and which will be useful in the 
sequel. 

Lemma 3.14. Let {M, (■, •)) be an oriented Riemannian n-manifold equipped with a G- 
structure, where the Lie group G is closed, connected and G C SO{n). If is a {r, s) -tensor 
field on M which is stabilised under the action of G, then 

Moreover, if the G-structure is harmonic, then V*V^' = — ^^(Ci^^). 

Proof. Since V*^ is a G-connection and ^ is stabilised under the action of G, then V'^^' = 0. 
Taking V*^ = V + ^'^ into account, this implies that V^' = Therefore, 

{VH)x,Y = -Vx(ey^) +evxy^ = -V^(ey^) +^x(Cy^) + evxy^- 

Because the presence of the metric (•, •), any (r, s)-tensor field on M is metrically equivalent to 
a (0, r + s)-tensor field. Therefore, we have only to make the proof for covariant tensors fields. 
Thus, we can assume that ^' is a (0, s)-tensor field on M . By a straightforward computation 
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we get 

s s 

V|($?*)(Zi,...,Z,) = -^x(*(Zi,...,$?Zi,...,Z,)) +^*(Zi,...,$?vgZi,...,Z,) 

i=l i=l 

s 

+ J2 'f{Zi,...,£,?Z,,...,V'^Zj,...,Zs). 



Now using V*^^' = 0, we have 

s s 



i=\ i=l 

s 



+ '^{Zi,...,^^Zi,...,V'^Zj,...,Zs). 



Taking this identity into account in the expression for V^(C^*), we will obtain V^(Cp^') 
cG V 



(V^^*^)y^' + ^^Gy*- Therefore, for the second covariant derivative we get 



which proves the required expression for V*V^'. □ 



4. Harmonic almost Hermitian structures 

An almost Hermitian manifold is a 2n-dimensional Riemannian manifold (M, (•,•)) equipped 
with an almost complex structure J compatible with the metric, that is, = —Id and 
{JX, JY) = {X, y), for all vector fields X, Y. Associated to the almost Hermitian structure, 
the two-form lu = {■,■!■), called the Kdhler form, is usually considered. Using lu, M can be 
oriented by fixing a constant multiple of = lv A . . S'^ A a; as volume form. Likewise, the 
presence of an almost Hermitian structure is equivalent to say that M is equipped with a 
[7(n)-structure. It is well known that U{n) is a closed and connected subgroup of S0{2n) and 
S0{2n)/ U{n) is reductive; in fact, it is a Riemannian symmetric space . Moreover, we have 
the decomposition into [7(n)-modules so(M) = u(n)(M) ©m(M). We will omit the subindex 
a used in previous Sections. Also, as in references, we shall simply denote u(n)(M) and m(M) 
by u(n) and u{n)-^. The bundle u(n) (resp., u(n)^) consists of those skew-symmetric endo- 
morphisms A on tangent vectors such that AJ = J A (resp., AJ = —J A). The identification 
hA{-,-) = {A-,-) implies K^i:*M ^ so(M). Therefore, lS?i:*M = u(n) ®u{n)^, where in 
this case u(n) (resp., u(n)"'") consists of those two-forms on M which are Hermitian (resp., 
anti-Hermitian), i.e., b{J-,.J-) = b{-,-) (resp., h{J-,J) = — 6(-,-)). 

The minimal [/(n)-connection is given by V^^""^ = V + with 

(4.15) C?"V = -ij(VxJ)y, 

(see [7]). Moreover, ^^(") e T*M u(n)-'- is equivalent to the condition 

J^^(") = 0. 
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Since U{n) stabilises the Kahler form cj, it follows that V'^^^^a; = 0. Taking this into account, 
^u{n) ^ T*M(g)u(n)-L implies Vw = -^^("^w G T*M ^u{n)^. Thus, one can identify the 
[7(n)-components of with the (7(n)-components of Va;: 

(1) if n = 1, .^^(1) G T*M ® u(l)^ = {0}; 

(2) if n = 2, ^^(2) g rp*^ ^ ^^2)^ = W2 e W4; 

(3) if n ^ 3, e^^"^ G T*M ® u(n)^ = Wi W2 W3 W4. 

Here the summands Wj are the irreducible (7(n)-modules given by Gray and Hervella in [13]. 
In the following, we will merely write ^ = and ^(j) will denote the component in Wj of the 

intrinsic torsion ^. For one-forms 0, we will stand J9{X) = —6{JX), for all X G X{M). The 
one-form J(fuJ is a constant multiple of the Lee one-form which determines the 'W4-part of 
the intrinsic torsion ^ [13]. Moreover, from (I4.15p . we will have 2{S^xY, Z) = —{\7 x^^)iY, JZ). 
Now, using this last identity, it is obtained that the vector field ^.a^i which take part in the 
harmonicity criteria (see Theorem 13. 7|) is given by 2^e.ej = —J{d*Lo)K 

Theorem 4.1. For an almost Hermitian 2n-manifold (M, (•,•), J) with Kahler form uj, we 
have that the following conditions are equivalent: 

(i) The almost Hermitian structure is harmonic. 

(ii) [J, V*VJ] = 0, where [•, ■] denotes the commutator bracket for endomorphisms. 

(iii) V*Vt(; is a Hermitian two-form. 

(iv) V*Va;(X,y) = -4ioiCe,X,Cey), for all X,Y e X(M). 

Remark 4.2. Condition (ii) represents the Euler-Lagrange equations given in [26] for the 
harmonic almost Hermitian structure determined by J. 

Proof. Using Theorem 13.71 Lemma [3.141 and = — J^, it follows that (i) implies (iv) and 
(iv) implies 

But note that the map A -uj{A-, •) - lo{-,A-) from u(n)-^ C so(2n) to u{n)-^ C A^T*M is 
an C/(n)-isomorphism. Therefore, {'^e}^\)ei + e, = 0. 

Taking into account that (V^^"^^)e,u;, ^Y^'^^uj belong to u(n)-'-, the equivalence between 
(iii) and (iv) is an immediate consequence of Lemma [3.141 and = —J^,. 

Because we have (Vxi-^){y, Z) = {Y, (VxJ)y)j it follows that 

(v*Vw)(x,y) = {X, (v*vj)y). 

This implies the equivalence between (ii) and (iii). □ 

Tricerri and Vanhecke [21] gave a complete decomposition of the Riemannian curvature 
tensor R of an almost Hermitian manifold M into irreducible (7(n)-components. These divide 
naturally into two groups, one forming the space JC = 3C(u(n)) of algebraic curvature tensors 
for a Kahler manifold (characterised by ^ = 0), and the other, being its orthogonal 
complement. Additionally, Falcitelli et al. [7] showed that the components of R in OC-^ are 
linearly determined by the covariant derivative V^. By using the minimal [7(n)-connection 
^uin) FalciteUi et al. display some tables which show whether or not the tensors 

yU(n)^^^^ and ^(j) ^(j) contribute to the components of R in DC"*". Some variations of such 
tables have been given in [16]. Explanations for these variations are based in Equation (|4.17p 
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given below. All of this has provided a unified approach to many of the curvature results 
obtained by Gray [12]. 

For studying some components of i?, it is necessary to consider the usual Ricci curvature 
tensor Ric, associated to the metric structure, and another tensor Ric*, called the *-Ricci 
curvature tensor, associated to the almost Hermitian structure and defined by Ric* {X,Y) = 
{Rx,eJY,Jei). 

In general, Ric* is not symmetric. However, because Ric*(JX, JY) = Kic*{Y,X), it can be 
claimed that its Hermitian part coincides with its symmetric part Ric*, and its anti-Hermitian 
part is equal to its skew-symmetric part Ric*)^. Under the action of U{n), Ric* is decomposed 
into Ric* = Ric*+Ric*,^, where Ric* G M(-,-) © su(n)s C S'^T*M and Ric*,^ E u{n)-^ C 
A^T*M [21]. Because in the present work the tensor Ric*)^ will play a special role, we recall 
the following result. 

Lemma 4.3 ( [16]). IfM be is an almost Hermitian 2n-manifold with minimal U{n)- connection 
SjU{n) — y _|_ then the skew-symmetric part Ric*^^ of the * -Ricci tensor is given by 

(4.16) Ri<„(x,y) = -(Oc.^e,JX,y) + {is/^}^k)jeJx,Y). 

Prom the fact d'^u = 0, writing d'^uj by means of V'^(") and ^, the identity 

= 3((Ve^(")^(i))e,X,y) - {{V^}^ki3))e.X,Y) + (n - 2){{V^}^ki4))e.X,Y) 

(4.17) +{^i3)x^i^k'L)e^Y) - (^(3)^ei, ^(i)^^X) + {^(3)x^i^k-2)e,Y) " (C{3)yei, ^(2)e,X) 

was deduced in [16]. Here, we will make use of (I4.17P below. Likewise, we need to point out 
that ^(4)^g.ei = 0. In fact, this directly follows from the expression for ^(4) [13] given by 

(4.18) (e(4)x^, JZ) = A d*Lo{Y, Z) - JX^ A Jd*ij{Y, Z)} . 

Some results proved in [26] are recovered in Theorem 14.51 below which is completed with 
other additional results. In proving those results next Lemma will be useful. 

Lemma 4.4. For an almost Hermitian 2n-manifold (M, (•, •), J), we have 

2(n-l)((V,^(")^(4))e.X,y) = d(4e.)(X,y)-d(4e,)(JX,jy) 

-4(C(i)^..,^,l') + 2(e(2)5,^e.^,i^). 

Proof. Prom the expression (I4.18P we have 

(4.19) 2(n-l)^(4)x = X^®ie,e,-ii^ei®X-JX^(^J^e,ei + Jil^e^(^JX. 

Now, fixing a local orthonormal frame field {ei, . . . , e2n} such that {Veiej)m = 0, for a given 
m € M, we will compute {'VeiC(4))eiX)m- In fact, by a straightforward computation we will 
obtain 

2(n-l)((Ve,e(4))e,X,y) = d(4e,)(x,y)-d(4ei)(JX,jy) 

+2{OxJY -CjYJX,Ce^ei,). 
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Then, taking the properties of ^(j) given in [13] into account, we will get 

{i(A)xY - i{i)YX,ie,ei) = 0. 
Thus, we will obtain the identity 

2(n-l)((Ve,e(4))e.X,y) = d{ilei){X,Y) - d{ile,){JX,JY) - A{i(^)^^^,^X,Y) 

+2(^(2)5^^,^X,y) + 2(C(3)^y - ^(3)yX,ee.e,). 

Finally, it is not hard to show 

2(n - l)((ee,C(4))e,^,l'> = -2{i(Z)xY - Ci3)YX,Ce,ei). 

From the last two identities, the required identity in Lemma follows. □ 

Theorem 4.5. For an almost Hermitian 2n-manifold (M, (•, •), J), we have: 

(i) // M is of type Wi © 'W2 © 'W4, then the almost Hermitian structure is harmonic if 
and only if 

(n - l)Ric:,,(X,y) = d(4e,)(X,y) - d(4e,)(JX, JY) + 2(n - 3){^^,^i:^^,^X,Y) 

+2n(C(2)e.^,^X,y). 

(ii) If M is quasi-Kahler (Wi ©W2), then the almost Hermitian structure is harmonic if 
and only i/Ric*[^ = 0. 

(iii) If M is locally conformal almost Kahler ('W2 ©'W4), then the almost Hermitian struc- 
ture is harmonic if and only if 

{n-l)mcl^,(X,Y) = 2n{i^^^,^X,Y), 
for all X,y gX(M). 

(iv) // M is of type Wi © W4 and n ^2, then the almost Hermitian structure is harmonic 
if and only if 

{n - l)(n - 5) Ric;,t(X,y) = 2(n + l)(n - mi.^e^X.Y), 
for all X,y eX(M). 

(v) // M is Hermitian (Wa © ^4), then the almost Hermitian structure is harmonic if 
and only if 

Ri<it(^'^) = -2(^€e,e,x,y). 

In particular: 

(i) * A nearly Kahler structure (Wi) is a harmonic map. 

(ii) * // the exterior derivative of the Lee form is Hermitian {in particular, if it is closed), a 

Hermitian structure is harmonic if and only */Ric*i^ = 0. 

(iii) * A balanced Hermitian structure (Ws) is a harmonic almost Hermitian structure. 

(iv) * A locally conformal Kahler structure (W4) is a harmonic almost Hermitian structure. 

In such a case, the Lee form is closed and, therefore, Ric*[^ = 0. 

Proof. For (i). By Lemma 14.31 using the properties of ^(j) given in [13], we have 

Ric:„(X,y) = (C(l)5,^e,^,l^) + {i(2)^.^e.X,y) - ((V,f ")C(i))e,X,y) 
- ((V,^(")e(2))e,X,y) + ((V,^W^(4))e,^,y>. 
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Now, by Theorem 13.71 and Lemma 14.41 (i) follows. In particular, if the structure is nearly 

Kahler, by Equation ([4T7D . we have (Ve^^"^Oei = 0. Thus, we get Ric*,^ = 0. Finally, by 
Proposition 13.131 (ii). (i)* follows. 

Parts (ii) and (iii) are immediate consequences of (i). We recall that, in case of locally 
conformal almost Kahler manifolds, the Lee one-form is closed. This fact is well known. In 
particular, if the structure is locally conformal Kahler, then {iy^^'^\)eiX,Y) = by Lemma 
14.41 Moreover, we will also have (^(4)^^ g^X, y) = 0. Then (iv)* follows. 

For (iv). Because the structure is of type Wi 0'W4, Equation (I4.17P and Equation (|4.16|) 
are respectively given by 

(4.20) = mvThii))e.X,Y) + (n - 2){{v]^^''kiA))e^X,Y) - ^(^(d^^^^^^.^X, Y), 

(4.21) Ric;,t(X,y) = (e(i)^^^,^^,^X,y) - ((Ve?"^e(l))e.X,y) + ((Ve^(")C(4))e,^,F). 

Likewise, the characterising condition for harmonic almost Hermitian structures given in 
Theorem 13.71 is expressed by 

(4.22) - (e(i)e(,,^^e.^,>^> = ((V,^(")C(i))e,X,y) + ((V,f ")e(4))e.X,y). 

Now, for n > 3, it is straightforward to check that Equation (|4.20l) . Equation (|4.21|) and 
Equation (|4.22l) imply the expression for Ric*)^ required in (iv). 

Reciprocally, it is also direct to see that such an expression for Ric*)^, Equation (|4.20|) 
and Equation (|4.21|) imply Equation (|4.22l) . Therefore, the almost Hermitian structure is 
harmonic. 

For (v). The intrinsic torsion ^ for Hermitian structures is such that S,jxJY = [13]. 
Therefore, the required identity in (v) is an immediate consequence of Theorem 13.71 and 
Lemma 14.31 

For (ii)*. By Lemma [4.41 if the exterior derivative of the Lee form is Hermitian, then 
(vl^^"^C(4))ei = in this case. But we also have (V^^"'^.^(3))e, = '?(3)ee,e, by (14.171) . Therefore, 
the assertion is a consequence of (v). 

For (iii)*. Now, we have ^giCj = 0. Moreover, Equation (|4.17l) impHes iy^i'^\ci))ei =0. □ 

Example 4.6. It is well-known that a 3-symmetric space (M, (•, •)) admits a canonical al- 
most complex structure J compatible with (•, •) and (M, (•,•), J) becomes into a quasi-Kahler 
manifold. Further, the intrinsic torsion ^ = — ij(VJ) of the corresponding C/(n)-structure is 
a homogeneous structure (see for example [20]). Hence, ^ is V^^'^^-parallel and then we get 
Ric*[^ = 0. Then, from Theorem 14.51 (ii). we can concluse that the canonical almost Hermitian 
structure of a 3-symmetric space is harmonic. 

If we write {S,(^i)xY,Z) = ^'^(X, y, Z), then is a skew-symmetric three-form such that 
^^{JX, JY, Z) = — ^'^(X, y, Z) [13]. For n > 3, if we have a harmonic almost Hermitian 
structure of type Wi ©'W4, then it follows, using Theorem 14.11 (iv) and Equation (|4.18p . that 
the connection Laplacian of u! is given by 

V*Vuj{X, Y) = 4(Xj^5, JYj^^) + ^ d*cj A Jd*io{X, Y). 
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Note that, in general, the right side of this equality is not coUinear with lo. In particular, if 
n = 3, we obtain 

1 

V*Va; = " LO + —d*u} A Jd*uj. 
36 16 

A harmonic section a into a sphere bundle of a Riemannian vector bundle is characterised 
by the condition V*Vo" = ^^'^Jp or, equivalently, V*Vcr is collinear with a (see [9], [19]). 
From the previous paragraphs, the first part of next result is immediate. 

Proposition 4.7. For six- dimensions, the nearly Kdhler structures are the only harmonic 
almost Hermitian structures of type Wi + 'W4, such that lo is also a harmonic section into a 
sphere bundle in h?'T*M . For four- dimensions, locally conformal Kdhler structures implies 
that LO is a harmonic section into a sphere bundle in Ps?T*M . 

Proof. Let M be a locally conformal Kahler four-manifold. In order to compute {y*Vuj)m, for 
m G M, we will consider a local orthonormal frame field {ei, . . . , 64} such that iyei^j)m = 0. 
Thus, because in this case, Vx<^ = X'^ f\ (6** jo;) — ^ A (^jo;), where = \ Jd*u = —^ei^i [13], 
we have 

(V*Va;)^ = -e\ A (e«j(Ve,a;)) - e\ A ((Ve,0)«ja;) + V efi A {eiju) -9 A d*LO. 

Now, using the expression for Vlo and the identities A(eiju;) = 2lo and A^ A (0''j(ejja;)) = 
9 A {9^jLo), we obtain 

-e\ A {9^4Ve,Lo)) = -29 A {9^auj) + 2\\9fuj. 

Moreover, because 9 is closed, we have (Vx^)(5^) = (Vy0)(X) and it is not hard to see 

e\A{{Ve^0f^oj) = V,£ A{ei^Lo). 

Finally, from all of this and d*uj = -29hLO, we get V*Vw = 2\\9\\'^oj. □ 

Remark 4.8. For nearly Kahler connected six-manifolds which are not Kahler, if 5a denotes 
the Einstein constant and using [16, Equation (3.10)], we have 

V*Vu;{X,Y)=A{^e,X,Ce.JY) = Aaiv{X,Y). 

Therefore, = 144q;. 

On the other hand, for locally conformal Kahler four-manifolds, we have V*Va; = 2||^|pa;. 
Therefore, ]^||Va;|p = ^H^P = ^HCeiCilP = that, in general, it is not constant. 

In [2], Bor et al. have shown diverse results relative to the energy of almost Hermitian 
structures defined on certain compact Riemannian manifolds. Concretely, they prove the 
following 

Theorem 4.9 ( [2]). Let (M^", (•,•)) be a compact Riemannian manifold such that 

• n > 3 and (M, (•, ■))is conformally flat, or 

• n = 2 and (M, (-, •)) is anti- self- dual. 

Then an orthogonal almost complex structure J on M is an energy minimiser in each one of 
the following three cases: 

(i) n = 3 and J is of type Wi © W4. 

(ii) n = 2 or n > 4 and J is of type 'W4. 
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(iii) n arbitrary and J is of type W2. 

Because Ric*)^ determines certain [7(n)-component, n > 2, of the Weyl curvature tensor 
W on almost Hermitian (see [7, 16]), then we have Ric*)^ = for almost Hermitian 2n- 
manifolds which are locally conformal flat. In particular, for n = 2, if we consider the action 
S0(4) determined by the volume form given by Vol = ^oj A oj, the Weyl curvature tensor 
is decomposed into two components, that is, W = + W~ . If = {W~ = 0), the 
manifold is called anti- self- dual (self-dual). More details can be found in [7,18]. Since Ric*)^ 
determines certain [/(2)-component of W~^, if the manifold is anti-self-dual, then we will also 
have Ric*!^ = 0. Therefore, it follows that the results here presented are in agreeing with 
Theorem K9[ 

Now, we focus attention on harmonicity as a map of almost Hermitian structures. Results in 
that direction were already obtained in [28], we will complete such results by using tools here 
presented. In next Lemma, s* will denote the *scalar curvarture defined by s* = Ric*(ei, Cj). If 
Kic*{X,Y) = ^s* {X,Y) , then the almost Hermitian manifold is said to be weakly *Einstein. 
If s* is constant, a weakly-*Einstein manifold is called *Einstein. 

In Riemannian geometry, it is satisfied 2d* Ric +ds = 0, where s is the scalar curvature. 
The *analogue in almost Hermitian geometry is false. In fact, this is clarified by the following 
two results. 

Lemma 4.10. For almost Hermitian manifolds, we have 

2d* mc*\X) + ds*iX) = 2{R{e,,X),tjeJ) - 4 Ric* (X, ^e^ei) + 4(Ric*, C^), 

where Ric**(X, 1") = Ric*(y, X) and ^^(1", Z) = {^xY^Z). In particular, if the manifold is 
weakly *Einstein, then 

Tl — 1 

-^ds* (X) = 2{R{e, , X) , Oe. J) - 2s* (^e, e„ X) . 

Proof Note that Ric*\X,Y) = \{R{e^, Jei)Y, JX) . Then, we get 
d*Ric**(X) = -(Ve^Ric**)(ej,X) 

= -]^ej{R{ei,Jei)X,Jej) + ]^{R{ei, Jei)V e^X, Jej) + ^(i?(ei, Jej)X, JVe^.ej) 

= -\{(ye,R){eu Jei)X, Jej) - {R{Ve,ei, Jei)X, Jej) - ^{R{ei, Jei)X, {Ve,J)ej) 
Now, by symmetric properties of R and ^ = — ^ J(VJ), it follows that 

d*Ric**(X) = -^{{Ve,R){X,Jej)ei,Jei) + {R{X,e,)ei,V je^Jei)) - {R{e^, Jei)X, J^.^ej) . 
Using second Bianchi's identity and taking 

{R{X,e,)ei,Vje^Jei)) = {R{X,ej)ei,v'^^f Jei)) - e,-)e„ Oe, Je*)) 

into account, we get 

d*Ric*\X) = -^{{VxR){ej,Jej)ei,Jei) - {R{X,ej),^j,J) - 2 Ric* (X, Ce, e, ) ■ 
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Note that 

{R{X,ej)ei,v'jifjei)) = e,-)e„ e^) (vjjj^ Je^, e^) = 0, 

because it is a scalar product of a skew-symmetric matrix by a Hermitian symmetric matrix. 
Finally, it is obtained 

(4.23) 2d*Ric**(X) = -^{{VxR){ej,Jej)ei,Jei) -2{R{X,ej),Cje,J) -4.Ric*{X,^e,ej). 
In a second instance, ds*{X) = ^X{R{ei, Jei)ej, Jej). Hence, we get 

ds*{X) = ^{{VxR){ei,Jei)ej,Jej) + 2{R{ei,Jei)ej,VxJej). 
But we have also that 

{R{ei,Jei)ej,VxJej) = {R{ei, Jei)ej,ek){Vx''"^ Jej,ek) - {R{ei, Jei)ej,ek){CxJej,ek) 

= {R{ei,Jei)ej,J^,xej) = 2 Ric*(ei, ^xCj) = 2(Ric*,^js:)- 

Thus, it follows that 

(4.24) ds*{X) = ^{{VxR){ei,Jei)ej,Jej) + A{mc*,^x). 

From (I4.23P and (|4.24|) . the required identity is obtained. □ 

Theorem 4.11. For an almost Hermitian 2n-manifold (M, (•, •), J), we have: 

(i) // M is of type Wi © 'W2 ^^^4, then the almost Hermitian structure is a harmonic 
map if and only if the almost Hermitian structure is harmonic and 

(n-l)d*Ric**(X) + ^^ds*(X) = Ric(X,ee,e,)-(2n-l)Ric*(X,^e,e,) 

+2(n-l)(Ric*,e^), 

for allX £ X(M). 

(ii) If M is quasi-Kdhler (Wi © 'W2), then the almost Hermitian structure is a harmonic 
map if and only if Ric* is symmetric and 2d* Ric* +ds* = 0. In particular, if the 
quasi-Kdhler manifold is weakly-* Einstein, then the almost Hermitian structure is a 
harmonic map if and only if s* is constant. 

(iii) // M is Hermitian {W3 © 'W4), then the almost Hermitian structure is a harmonic 
map if and only «/Ric*[^ = g, and 

2d* mc*\X) + ds*{X) +4mc*{X,Ce,ej) -A{mc*,Cx) = 0, 
for all X € X{M) . In particular: 

(a) * // the exterior derivative of the Lee form is Hermitian {in particular, if it is 

closed), then the Hermitian structure is a harmonic map if and only ^/Ric*)^ = 
and 2d* Ric* +ds* + 4^e,eijRic* = 0. 

(b) * //Ric* is symmetric, then the Hermitian structure is a harmonic map if and only 

if ^^j.,ei = and 2d* Ric* -\-ds* + 4^6^64 j Ric* = 0. In particular, if the manifold 
is weakly-* Einstein, then the Hermitian structure is a harmonic map if and only 
ifkn^r = o-^d (n - l)ds* + 2s*Ce,ei = 0. 
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(c) * If the manifold is balanced Hermitian ("W3), then the almost Hermitian structure 

is a harmonic map if and only if 2d* Ric* +ds* = 0. Furthermore, if the bal- 
anced Hermitian manifold is weakly-* Einstein, the almost Hermitian structure is 
a harmonic map if and only if s* is constant. 

(d) * // the manifold is locally conformal Kdhler (W4), then the almost Hermitian 

structure is a harmonic map if and only if 2d* Ric* +ds* + 4,^e^ej j Ric* = if and 
only if for all X G X{M), (Ric - Ric*)(X, ^e^e^) = 0. 

Proof. All results contained in Theorem are immediate consequences of Theorem 14.51 Lemma 
14.101 and the following consequence of the expression for ^(4) given by (|4.19l) 

(n - l)(C(4)e^,i?(e,^x)) = (Ric-Ric*)(X,^e,ei). 

□ 

Example 4.12. Hopf manifolds are diffeomorphic to xS^"~^ and admit a locally conformal 
Kahler structure with parallel Lee form 2(n-i) ^ei^» I^^l- Furthermore, ^^^1 is nowhere zero 
and tangent to S^. The metric on x S"^""^ is the product metric of constant multiples 
of the metrics on and induced by the respective Euclidean metrics on and M^". 

The set £(5'^""^) will consist of those vector fields on 5^ x ^^n-i g^j-g jjf^g gf vector 

fields on The Riemannian curvature tensor R is such that 

{R{X,Y)ZuZ2) = k{{X,Zi){Y,Z2) - {X,Z2){Y,Zi)), R{X,^,^ei) = 0, 

for all X,Y, Zi, Z2 G £/(S'^"~^), where fc is a constant. Therefore, (i2(ei, ^eiCj), ^e,) = 0. 
Moreover, using the expression given by (|4.19|) . for all X G £^(5"^""^), we have 

{R{e^,X),Ce,) = 2k{^e,ei,X)=0. 

Additionally, it can be checked that 

^(ex, Z)) = -JX' A J4e,(y, Z), 

for all X, y, Z orthogonal to £,eie-i. Therefore, the almost Hermitian structure is not horizon- 
tally geodesic. As a consequence, it is also not a fiat structure. 

Finally, using again the expression (I4.19P and the fact that .^6^61 is parallel, it is obtained 

2{n - lf{Vxi)x = JtM^) (^^ ^ '^^e,e^ - J^e^ ®X + JX^® i^^a - ^e, ® JX). 

Note that this expression is not vanished for all X. 

In conclusion, the locally conformal Kahler structure on 5"^ x S^"^^ is a harmonic map 
which is neither horizontally geodesic, nor vertically geodesic. 

Example 4.13. In general, locally conformal Kahler structures are not harmonic maps. In 
fact, one can consider the Kahler structure on R^" determined by the Euclidean metric (•, •) 
and the standard almost complex structure J. If we do a conformal change of metric using a 
function / on R^", the new metric (•, •)o = •) and J determine a new almost Hermitian 
structure which is locally conformal Kahler. The Lee form for the new structure is df and the 
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Riemannian curvature tensor is given by 

-2e-f {Ro{X,Y)Z,W)o = L{X, Z){Y,W) + L{Y,W){X, Z) 

-L{X,W){Y,Z) - L{Y,Z){X,W) 

+ Z) {Y, W) - {Y, Z){X, W)}, 

where L{X, Y) = {'Vxdf){Y) — ^df{X)df(Y) and V is the Levi-Civita connection associated to 
(•, •) (see [21]). If denotes the intrinsic torsion of the structure (J, (•, •)o), an straightforward 
computation shows that 

16ef{Ro{eo,,X),Coe^^)o = )(X) + d*{df)df{X) + (Vjx4f)(^grad /), 

where {bqi, ■ ■ ■ , eo2n} is an orthonormal basis for vectors with respect to (■, •)o and the terms 
in the right side, the norm || • ||, grad, etc., are considered with respect to the Euchdean 
metric (•,•). Therefore, it is not hard to find functions / such that {Ro{eoi,X),(^oeoi)o 0- 
For instance, if / = sinxi, then {Ro{eoi, X),^oeoi)o = l^e"*^™^^ sinxi cosxidxi. 

If we take the function / such that (x* ° f){x) = (x* o + 2-ir), i = 1, . . . , 2n, then (•, •)o 
determines a Riemannian metric on the torus T^" = x ■ ■ ■ x and the natural projection 
of M^" on T^" becomes into a local isometry. Hence, we also get locally conformal Kahler 
structures which are not harmonic maps on the torus (T^", (•, 

4.1. Nearly Kahler manifolds. For completeness, here we will give a detailed and self- 
contained explanation of the situation for nearly Kahler manifolds. Thus, we will recover 
results already known originally proved, some of them, by Gray and, others, by Wood. How- 
ever, we will display alternative proofs in terms of the intrinsic torsion ^. Additionally, it 
is also shown that, for nearly Kahler manifolds, ^ is parallel with respect to the minimal 
connection V'^("), i.e., V'^^")^ = 0. This last result is originally due to Kirichenko [14]. 

The intrinsic torsion ^ of a nearly Kahler manifold is characterised by the condition 
= —S,yX. Because this property is preserved by the action of 0(2n), then we have also 
{^xC}yZ = -{Vxi)zY and (VxOy"'*^ = -{^x^''h)zY. Moreover, with respect to the 
almost complex structure J, it is also satisfied CjxJY = —CxY- Therefore, {VxOjy ^J^ ~ 

For nearly Kahler manifolds. Gray [10] showed that the following identities are satisfied 

(4.25) {R{X,Y)X,Y)-{R{XX)JX,JY) = mxYf 

(4.26) {R{JX,JY)JZ,JW) = {R{X,Y)Z,W). 

In fact, since {{V xS,)yX,Y) = = {(VyOxX,Y) , it is immediate that 

{R{X, Y) u{n)^X, y) = i {{R{X, Y)X, Y) - {R{X, Y)JX, JY)) = 2{[U,iY]X, Y). 

From this, (|4.25|) follows. Also (|4.25l) follows from Proposition l3.13l because [u(n)-'-, u(n)-'-] C 
u(n). 

For (1126]). Using g^SJ, it is not hard to prove {R{J X , JY) J X , JY) = {R{X,Y)X,Y). 
Then, by linearizing, we will have (I4.26I1 . 



HARMONIC G-STRUCTURES 



25 



Theorem 4.14. Nearly Kdhler structures are vertically geodesic harmonic maps. Moreover, 
for nearly Kdhler manifolds, we have 

(4.27) {R{X,Y)Z,W)-{R{X,Y)JZ,JW) = A{^xY,(zW), 

(4.28) V^^"^e = 0. 

In particular, if the nearly Kdhler structure is flat, then is Kdhler. 

Remark 4.15. Equation (I4.27P is due to Gray [11]. On the other hand, Wood proved in [28] 
that nearly Kahler structures are vertically geodesic harmonic maps. 

Proof Since ^xY = -^yX and = V^(")^ - it is direct to show that 
{4.29){R{X,Y)u{n)^Z,W) = ^{{R{X,Y)Z,W) - {R{X,Y)JZ, JW)) 

= ((vJ(")Oy^,W^) - {iV^^''k)xZ,W) + 2{^xY,CzW). 

Now, we consider the map s : K^T*M®IS?T*M S'^{IS?T*M) defined by s{a®b) = a®b+h®a 
and the map b : S'^{K^T*M) S'^{k^T*M) defined by 

b(T)(X,y,Z,VF) = 2T{X,Y,Z,W) -T{Z,X,Y,W) - T{Y,Z,X,W). 

Applying the composition b o s to both sides of Equation (I4.29P and, then, making use of 
(|4.26p and first Bianchi's identity, we will obtain 

(4.30) 

3{R{X, Y)Z, W) - 2{R{X, Y)JZ, JW) 
+ {R{Z, X)JY, JW) + {R{Y, Z)JX, JW) = 8{^zW, ^Y) + 4{^yW, ^Z) - A{^xW, ^yZ). 

Note that we have also taken (V^*-"'^^)yZ = —(V^^^^^)zY into account. Now, if we replace 
Z and W by JZ and JW, subtract the result from (I4.30p and use ^jxJY = —£,xY, then we 
get 

(4.31) 5(i?(X, y)Z, W) - 5{R{X, Y)JZ, JW) 

-{R{X,JY)Z,JW) - {R{X,JY)JZ,W) = 16{CxY,CzW). 

Finally, replacing in (|4.31ll Y and Z by JY and JZ, multiplying by 1/5 the resulting equation 
and adding the final result to (|4.3ip . the required identity (|4.27|1 is obtained. 

Now, from the following identity 

^ {{R{X, Y)X, Z) - {R{X, Y)JX, JZ)) = {{VxOyX, Z) - {{VyOxX, Z) + 2{[U,iY]X, Z), 

using (I4.27p . we get {V x£,)x = 0. Hence the nearly Kahler structure is vertically geodesic. 
For (|428|). Since 

{R{X, Y)Z, W) - {R{X, Y)JZ, JW) = 2((V?")0r^, W) - 2{{V^^''k)xZ, W) 

+A{CxY,CzW) 
= M^xY,^zW), 
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we have (V^^"'^^)y = (Vy^"''^)x- Moreover, from the identity 

{{VxOyZ^W) = {{v''^''k)YZ,W) + {izW,UY)-{ix^YZ,W) + {iYixZ,W), 
taking {VxC)x = into account, it follows (V^*'"''^)x = 0. Therefore, (v]^*'"^^)y = 

The final remark contained in Theorem follows from Proposition 13.131 (i). □ 
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